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ultistep splitting methods of high order for initial value problems
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\BSTRACT

Multistep splitting formulas of third and fourth order are con-
.tructed for systems of first order differential equatioms. Unconditiona!l
stability is proved when the Jacobian matrix of the right hand side can
e splitted into a sum of matrices with a common set of eigenvectors and
legative eigenvalue spectra. The efficiency of the formulas is proportior
11 to the computational work involved to solve the linear systems definec

)y these matrices.
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RODUCTION

When an initial-boundary-value-problem is discretized with respect
space variables, a system of ordinary differential equations results
ch the Jacobian matrix has an eigenvalue spectrum extending far away
he origin (e.g. parabolic equations along the negative axis and hyper-
equations along the Zmaginary axis). In order to integrate such sys-
one may choose backward differentiation formulas which are known to
xcellent stability properties, at least for parabolic equatiomns; in

f hyperbolic equation, one should add dissipative terms to the

ential equations when third or higher order backward differentiation
as are chosen (cf. [4]). However, since the backward differentiation
as are implicit, a large system of equations has to be solved in each
ation step. Moreover, the iteration process to be used should be
hat the stability properties of the backward differentiation formulas
't destroyed by the iteration process; on the other hand, it should be
ent enough to limit the computation time to realistic values. Hence,
. 1teration which is very cheap per iteration, cannot be used because
sing stability, while Newton iteration which leaves the stability
.cted, is not a very attractive method in the case of two or higher
;ional problems unless the special structure of the Jacobian matrix
vloited. Since it is our aim to construct a robust integration for-
we have looked for other iteration methods.

In this paper, we investigate iteration methods in which the Jacobian
: is splitted into a sum of "simply structured" matrices (e.g. tri-
1al matrices) and in which the "implicitness" is distributed over
11 iterations. The resulting integration method may be considered as
:istep analogue of single-step splitting'methods of which the hop-

1 and alternating direction methods are familiar examples.

The reason to develop multistep splitting methods is the desire

1struct integration formulas with the following properties:

It is more accurate than single-step splitting methods which usually

are only of first or second order.




(2) It is more stable than explicit Rumge-Kutta methods which are accu—
rate enough but require relatively small integration steps to main—
tain stability.

(3) It is as efficient as single-step splitting methods and as robust
as explicit Runge-Kutta methods.

We shall derive third and fourth order formulas which apply to

general systems of the form
T
(0.1) - f.

The efficiency of the formulas is proportional to the computational work
involved to solve the linear systems defined by the matrices occurring in
the splitting of 8%/8;. As to the stability of the formulas, where Newton's
method does not influence the stability of the integration method, splitting
iteration methods noticeably decrease the stability properties. It will be
shown, however, that when 3%/3; can be splitted into matrices with negative
etgenvalue spectra (parabolic equations), the stability of the backward
differentiation formula is strong enough to compensate for the instabilities
introduced by the iteration process so that unconditional stability results.
The stability analysis for Ayperbolic equations is still subject of inves-—
tigation.

In the near future, we intend to report numerical experiments with

the formulas analysed in this paper.
2. SINGLE-STEP SPLITTING METHODS

Suppose that we are given m functions Ej(ﬁ,3) such that the right

hand side f of equation (0.1) can be splitted according to

B

(1.1) fe = ) fj&?).

j=1

. > > > - . .
Furthermore, suppose that all Jacobians aFj(u,v)/au are band matrices with

a relatively small band width. We then may define the integration formula




->(0) _ >
n+1 ~ Tn?
. . j
>(3) _ >(G-1D) % (1) 2(8)
=y + h E A.o.p F.(y »Y ),
+
n+l n+1 Dy %2=0 jil i n+1°/n+l
> _ —>(m)
Yn+1 = Yo+l
the parameters Ajij’ i=0,1,...,j vanish for j = 1,2,...,m.

Formulas belonging to this very general class of single-step splitting
s are studied in [2] and [3]. As is shown in these references, a large
of methods based on the various alternating direction type splittings,

y one-dimensional splittings, hopscotch type splittings, etc, can be
into the class (1.2) by an appropriate choice of the splitting func-

>

Fj.

As far as we know all single-step splitting methods given in the

ture are first or second order accurate. Although it is possible to
conditions for third order accuracy (cf.[2]), we did not succeed to

uct third order formulas in which the implicitness is distributed

he successive stages in such a way that stability might be expected.

ore, we have recoursed to multistep splitting methods.

TISTEP SPLITTING METHODS

Suppose that the right hand side of the differential equation

dy _ =,~»
T If)(y)

Jacobian matrix J which can be splitted into a sum of matrices with

ple'" structure (e.g. tridiagonal matrices). To be more precise, let

the matrices Jj are easily decomposable into a lower and upper

ular matrix. We now define the class of methods




2(0) _ >(pred)

yn+] n+1 >
DY s hz g 30
Yn+1 = oy ap Yn+1-2 G ((y Tn+1? n+l)’

. k
>(3) _ >(3) *(0)
Vel = KZI ap y n+i-£ +h G (y AYSERARE n+l)’
-> _ ->(m)

Yn+1 = Yns+12

>(pred)
n+l N
‘he functions Gj satisfy the conditions

presents a single-step predictor formula. It will be assumed

>

BG

(J) (Ya---,§) = Uij(§), j=1,2,...,m, uj scalar

n+1

mplies that (2.3) is a computationally efficient scheme. Of course,
v conditions should be imposed on the functions Ej in order to make
» (2.3) also an accurate and stable method for the integration of

on (2.1). These aspects will be studied in the following subsections.

'he order equations for backward differentiation type formulas

When we choose

(+ >(3-1) +(0))

> > . "
n+1 5. n+1 bof(}’)s J=1,2,...,m,
+ (2.3) reduces to a multistep method of the backward differentiation

rtiss-Hirschfelder) type:

k

>

> > >
Yn+l = 8p Ypse1-2 7 bO h f(yn+1)'

£=1

formulas are of order k when the coefficients are defined according

le 2.1 (ef.[1]).




Table 3.1 Coefficients of the backward differentiation or

Curtiss-Hirschfelder formulas

k b a a a a

0 1 2 3 | 4
I 1 1
2 2/3 4/3 ~1/3
3 6/11 18/11 -9/11 2/11
4 12/25 48/25 -36/25 16/25 -3/25

Suppose that we do choose the coefficients ap in (2.3) according to
:able, then scheme (2.3) may be interpreted as an iteration method
le solution of equation (2.6). The order of accuracy of this scheme

rs from the following lemma:

, > . ..
2.1. Let the functions Gj satisfy the conditions

> - - .
Gj(Ys"°’y) = b0¥(Y)9 j = r,r+l,...,m,

't Sj£ be defined by
_] j—l _]
S.p = Lp(I-hL ) Sjﬂ = [Lj£+h izr LjiSiKJ(l—thj)
>srand £ = 0,1,...,r-1, where sz, £ =3j-1,...,0, denote Lipschitz
>

mts for the functions Gj with respect to their successive arguments.
->
:he local error of scheme (3.1) Zs bounded by (§n+l solution of (2.6))

>(L) pe . k+1
h Z Smﬂ "yn+l - yn+l" FO0(hT ).

. Let ;(x) denote the solution of equation (2.1) through the point
1) and §n+1 the solution of equation (2.6). By virtue of condition

we have for j 2 r

>(3) _2 % 2>(3) >(0), _ =
Yo+l T Iner T h[Gj(yn+l’ ct2 +]) b0 ?(yn+1)]
+(0) > 2 2

|
=
™
(]
.
~
<
~
—
~

n+1""’yn+l) - Gj(yn+l""’yn+l)]'




Thus, as h >~ 0

T 130 _ %

";(j) _ 2 e 5
£2=0 l*thj n+l n+l]

n+l yn+1" <h

s ] 2r.

Recursion of this inequality leads to inequalities of the form

r-1

5,0 <n ] 8

>(3) _
Iy n+ 250 i " Yn+l

n+1 n+1 > J

where the §j£ are certain functions of the Lipschitz constants Lji’
i=0,l,...,j. It is straighforwardly proved that these functions satisfy

the recurrence relation (2.8), so that we may write

r-1
> 2 >(L)
llyn+1 - yn+1H <h KZO Sm£ Ilyn+1 yn+l“'

Hence, we finally arrive at the inequality

- > | - _ e =2 >
"yn+1 y(xn+1)J < "yn+l yn+]" * "yn+1 y(Xn+1)'I
r-1 - -
>(L) o~ < _ 2 I
=h 20 sz Iy +1 Y 1" * "yn+1 y(xn+l)"’

1

> +
and by using the property that Nn has a local error hk as h >~ 0,

we obtain estimate (2.9).

COROLLARY 2.1. When the functions Ej satisfy (2.7) and only depend on

;éiz, ;éi;]) and ;égi for all j 2 v > 1, then scheme (2.3) has the order

(2.10) p = min{k, m-r+1, q+1},

q being the order of the predictor formula.

This result immediately follows from estimate (2.9) and the observation
that all Lipschitz constants sz with j 2 r and 1 < £ < j-2 vanish. For then

the parameters sz also vanish except for




hL..

-1 ‘ ji-1
S =L (1-hL_ ) , S. = —==— G,
- - - . - _]
rr-1 rr-1 T jr-1 I-hL.. 3 1r
(2.8") 1] j oz or+l,
L..+hL.. .S.
- _ -1 _ 30 "jj-1"j-10
Sro = Lro(I7hL ) s S5y T=hL..
13
so that
' >(r-1) _ 2 >(0) 2 k+l, _
(2.9") h[smr_1 Yot yn+l" lly a1~ +1|l]+ o(h ") =

m-r+1
)

. 0(h + 0(hT%) + okt

from which (2.10) can be concluded. In particular, we have

COROLLARY 2.2. When the functions Ej satisfy (2.7) with r = 1 and only
depend on y(J) and (111), then scheme (2.3) has the order
(2.11) p = min{k, m+q}.

2.2. Remarks on general order equations

In the preceding considerations scheme (2.3) was interpreted as an
iteration process for the solution of formula (2.6). We now derive the

order equations for first and second order accuracy by expandlng y in
a power series of h. Denoting by JJZ the Jacobian matrix aG /ay(zi

. ->
point (yn,...,y ), it is easily seen that

k k
> - >
y = X a, y + h[ z (1-£)a ?(y ) +
n+l 221 £ ’n 221 £ n
+ ¢ (v +)]+'h2k -1y £(3
m Yn,---,yn 2 ZZ] £-1) a[,J (yn)

m
+(2) > 3
IRENEAESARRICS

+

k k
> >, s ->
KZI apy  * h[zzl (l—ﬂ)aK AN Gm(yn,...,yn)] +
k
2 2 >
+ ih° Y (1-2)%a, y" +
2 221 £ ’n

il




m k N
e KZIsz[(iZI 47

k
+h ] (-i)a; 3!+ Gy ,-.sy )] +
i=1
>(pred) _ > 3
+ thO[yn+1 yn] + 0(h7).

Hence, first order consistency is obtained when

]
a, =1,
=1 %
k
(2.12) Z (I—Z)az +b =1, b arbitrary
£=1

>

Em(§,'°"Y) = b%(§)-

The local error is then given by

k
2 2
(2.13) Voey = Y(x4p) = b [L @0Tay - 135y
+h2[m 1-b)y' + G, (3 v
EZI Jmﬂ(( )yn Z(yn""’yn )+

>, 3
+ Jm0 yn] + 0(h7).

[t is not clear how to derive from this expression a priori conditions for
second order accuracy. Higher order conditions become increasingly more
complicated, so that we conclude that a consistency analysis by Taylor
2xpansions may be useful to check the order of accuracy of a given method,
out is less appropriate to comnstruct higher order methods. Therefore, our
further considerations will be confined to multistep methods of the back-

vard differentiation type to which lemma 2.1 can be applied.
2.3. Stability

Introducing perturbations Ay £=1,2,....,k, into scheme

n+1-£°
(2.3) yields the variational equations




+»(0) _ ,»>(pred)
Ayl = BYpep s
. k h]

(J) _ ->(£)
A?m-l - KZI & A?nﬂ-i’, *h KZO Jjﬂ AN
> _ >(m)

Ayn+1 - Ayn+l'

. out that (2.14) is conveniently written either,

G - ~

>
Apr1-g] | T )
)
1 B, hB,Jyy <:::>
) B, hB.J hB.J
] 2 "F220 221
)
B. hB.J.. ... hB.J..
1 ] 330 i 33-1
+1 B~ hBJ cen hB J 1
1L 4L

juivalent form

ie form
n+l-L
f
|
i
)
-
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— _
s ||
a,Ay _p I
g=y &=L
> (1)
AYh+d By BDyg
>(2)
Ay L7 0 B,Dyy B,(I+D,)
2.14M) | | =
>(3)
Ayn+1 0 BijO ‘e Bijj—Z I
Ayn+] 0 BmDmO Tt BmDmn
where
B, = [I - hJ..] | J =0
j ji” 00
(2.15)

Dj£=h[Jj£_Jj_1£], £=0,1,--.,j

It is easily seen that both (2.14"') and (2.14")
the form

(2.16) Ay o= f Ay + rayl®))
. Yn+1 = Q £=1 ap BYn+1-2 Yh+1?

where Q and R are matrices determined by scheme

For future reference, we consider two spec
>(3) >(3-1)

yn+1 and yn+1

the functions Ej depend on only.

(2.17) sz =0, £=0,1,...,j-2; j = 2,3,..

‘I+D

1]
—
"
N

in a

ses. F

[ LI S )

A—)
20 Y n+1-£

2(0)

yn+1

>(1)
kyn+]

>(m-1)
n+1

on of

, let
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sjubstitution into (2.14') leads to the ekpressions

1 mil I'i+1 -l
'2.18) R= T A., Q= m A.! B, +B ,
jem i=g Ly 4171
there
'2.19) A. = hB. J.. ..
] j 33—l

‘ogether with the error equation of the predictor formula,

5O - 5D - o,
say, the equations (2.16),(2.18),(2.19) determine the stability of scheme
2.3).

In order to continue the stability analysis it will from now on be
issumed that the matrices A., Bj and C have the same set of eigenvectors.
'his assumption is rather severe, but an important class of differential
:quations, viz. classes of semi-discretized partial differential equationms,
lo allow splitting functions Ej satisfying the above requirement. Let aj,
Sj and y denote the eigenvalues of Aj’ Bj and C, then (2.16) leads to the

tharacteristic equation

m-1 1+1 1

(2.20) Ck - [al(B + z M oa.p) +y T a.]ck—l +
: m . . i . 3
i=1 j=m j=m
m-1 i+1 k
k-
- (B * yom a.B,) ) a, ¢ L.
i=1 j=m ] £=2

In the second case, representation (2.14") is taken as the starting

»oint. Let us now choose
(2.17") Djl =0, £=1,2,...,j-1, j=2,3,...,m.
jubstitution into (2.14") leads to the expressions

(2.18") R= ) Ln
T




where

(2.19Y) E. = Bj D

Just as above we assume that the matrices BJ C
set of eigenvectors with eigenvalues B , Y and eJ The

tion of (2.16) then becomes

k o K
(2.20") ©-lap Mgy +y(ey+ [T Be)l:

m
- T B.. a, ¢ = 0.
j=1 3 =2 £

3. TWO-ARGUMENT SPLITTING FUNCTIONS

In many cases, the right hand side %(;) can be w

F(;,;) in which the Jacobian matrices

SE(0,V) 3F (4, v)

_ u,v _ u,v

(3.1) 3, =/, g, = Y
ou ov

have a simple structure (e.g. tridiagonal matrices). I

define splitting functions 6j with only two arguments:

b F(y(J) >(3-1)

(3.2) G (ﬁ(J) >(3-1) §(0)) _

9020y

Evidently, these functions satisfy condition (2.2) and

Let ap and b0 be defined by table 2.1, and comsi

formulas

~»(0) _ +(pred)

n+l Tn+1 ’

L) _ K 5 .(3) S(5=1)
(3.3) y = Z ap vy +b h E(y n+1’ Yn+l )

n+l = £ n+1-£

non

[ua-

.on
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k

(3.3) ;iii = KZ] a, y ntl-f * b h F(y(J D éii), j even,
2 _ 2(m)
Yn+1 = Yn+1-

According to corollary 2.2, this scheme is of order p = min(k,m+q).
shall call scheme (3.3) a method of successive corrections since the order

(J)

of accuracy of y increases with j until the maximum order k is reached.
It is e3311y Verified that condition (2.17) is satisfied, hence it

follows from (2.15) and (2.19) that

1

boh[I - bothj J2 odd
Aj = -1 for j = s
boh[I - both] Jl even
(3.4)
-1
[1 bOthj odd
B, = for j =
J -1
(1 - bOhJ2] even

Let us denote the eigenvalues of b hJ and b hJ by z

0 0 and Zy5 respectively.
Then, by (2.18)

1

z
0"j = l—il ’ BJ = ]_Ll » ] odd
(3.5) .
o. = zl » B. = l s ] even
] l-z2 ] 1—22

Substitution of these expressions into (2.20) yields the characteristic
equation of scheme (3.3'). It should be remarked that, unless the eigen-—

values y of the predictor formula behave like (]—zl)/z2 as lzll or [zzl +> o,

the value of m has to be even, otherwise the coefficient of ck in (3.20)

may become infinite as lzzl + o, Restricting our considerations to even m-
values, we conclude from Corollary 2.2 that the optimal choices for k,

and m are given by the values listed in the following table
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Table 3.1 Optim

p=k

w N

N B~ B

1 where it is assumed that at most s
used. In the following subsections w
four formulas. Since splitting metho
differential equations, the fifth an

unnecessarily accurate and are there

3.1. A second order formula

Choosing ;égied) = ;n’ i.e. ¢

second order formula

S _ky 13 2

Yn+1 T3 Y0 T 3 Yp-1 3
(3.6)

-> _£—>_1? +2

Yn+1 =39, T3 Ip-1 T 3

with the characteristic equation

4+3z .z

172
(3.7) z- - T+ —
3(l—zl)(1—zz) 3

[t is easily verified that the roots

circle for all negative z, and z, va

for all splitting functions with neg

q,m) values

m

ES NS O R (SR )

order accurate pre
yse the stability
primarily designe
h order formula ge

re not analysed in

nd k =m= 2 we ob

D3y

n+l1’/n

() > )

n+1°7n+1

i

— = 0.
(l-zz)

is equation are wi
Thus, scheme (3.6)

eilgenvalue ectra
g &p

S are

. first

partial
y are

paper.

he

he unit

able




3.2. Third order formulas

Suppose that we are given a first order predicto

eigenvalues y. We then may use the third order scheme

>(0) ;(pred)

n+l n+1 ?
( T g o 3 o0
(3.8) Yo+l T L18yn 9yn+] + 2yn_2] + T h F(
> ___]_I_18—>_9—> . o ]+6hF(
Ype1 T TT 50 Yn-1 7 Fp-2- T 1T
with characteristic equation
18+11z.2, v
2
(3.9) g3 L + ' [9

T T2 (1-2) ¢ (-2 ) (I-2,)

Applying Hurwitz's criterion we find for z, < 0 and z,

(1-y) 2,2, ~ (zl+zz) >0,

40
(1+y) z,2z, = (z,+z,) + 37 > 0,
36
11

34
- (zy%zy) + 37> 0,

(3+Y) 2,2, - 3(zl+22) + > 0,

5
(1+2vy) z,z,

guaranteeing that the roots of (3.9) are within the un

conditions are satisfied when
(3.10) -1 <y < 1.

Thus, scheme (3.8) is stable for all stable predictors

functions with negative eigenvalue spectra.

3.3. Fourth order formulas

>(pred)
Let now Yo+l

Y. Consider the fourth order scheme

be second order correct, again w

15

es
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2(0)

n+l

(1)

n+l

(3.11)

¥

yn+1 =

Its characteristic

(3.12) z - -

Hurwitz' criterion

Yo = |
Y, =4
Y, = 6
Yy = 4
Y, = 1
Yg = Y
where
(x:—-—

Tt is easily verif

positive provided

(3.13) -1 < vy

ion is

z)zyY

)(l—z2
s in t

558 >

- 448

+ 208

238 >

RARAA

at the

>(1) 2(0)
EAEIANPRE

[36;2 - l6z +
_zz)

z, < 0 the conditi

_22)

=1,...,4 are all
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Fhe last condition was numerically verified. By observing that

48 I

(3.14) -1 <a < 5T s 0<B < 7T

w

in the negative (zl,z -plane, we first considered o and B as indepen-—

)
2
lent variables and checked the value of Yg on a grid with mesh sizes
(Aa,AB) = (.01,.0004) in the rectangle defined by (3.14). We found stabi-

lity for
(3.15) 0 < B < .0164

irrespective the value of a. This implies that we have stability in the

region (see figure 3.2)

(3.15") lv| <1, 2, <0, 2z, <0, (1-2))(1-z,) > 2.47.
Az
2
—}.47 .
TITT777 77777 7777707, > %
?
stable
q -1.47
Y
4
Fig. 3.1 Region of verified stable
(Zl,zz)—points
The region
(3.16) | <1, 2, <0, 2z, <0, (1-z))(l-z)) < 2.47

was checked by computing Y in grid points with meshes (Ay,Azl,Azz) =
= (.01,.01,.01). No points of instability were found so that it is reason-

able to assume that scheme (3.21) is stable for all stable predictors and
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all splitting functions with negative eigenvalue spectra.

Another possibility to comstruct fourth order formulas is iterating

formula (3.21) four times with the predictor yézfed) =y, i.e. the scheme

= (0) >

n+l  In

D L g J3e e 6 -5

Yn+1 T 75 “*Vq Yn-1 Yn-2 7 “n-3
(3.17)

12 . > >(L) »>(2j-1-2) .
+ 25 h F(Yn+1, n+l1 )’ J = 1323394’

(4)

>
Yo+l In+1°

where £ = j if j odd and £ = j-1 if j even. The characteristic equation is

given by
4~ 3 0~ 2.
(3.18) z - a(zl,zz) zo o+ s(zl,zz)[36; - 16z + 31 =0
where
48(l-z.—-z, +2z z )+252222
~ 1 72 12 12
a(z,2y) = 2 2
25(1-z.) " (1-z,)
1 2
E( Ly - l—z]—z2+Zz]z2
2102

25(1-21)2(1—22)2

[n a similar way as done for equation (3.12), we verified that (3.18) has
its roots within the unit circle for all negative z, and z, values.

%. MULTI-ARGUMENT SPLITTING FUNCTIONS

. . . . >
In this section the case will be considered where ?(y) has to be
. . > > > -> . .
sritten as an m-argument function F(y,y,...,y) withm > 2 in order to
satisfy the requirement that the Jacobian matrices of F have a simple
>and structure. We first try to generalize the method of successive

corrections discussed in the preceding section. It will be shown that this




lethod is no longer unconditionally stable. We then consider multi-argument

splitting functions which again generate unconditionally stable schemes.

t.1. The method of successive corrections

In section 3 we considered splitting functionms Ej which only depend

m the first two arguments y(J) and y(J ]). This suggests to define for the
:ase where we have

4.1) E3) = F@.5e05y)

che splitting functions

(4.2) Ej(;(j) SU-D S0y b0§(§(j'”, Ly GED S G-y
shere ;(j) occurs at the j—-th place in the row of arguments of the function F.

lote that (4.2) again defines a class of two-argument splitting functions.

The splitting functions 4.2 generate the scheme

>(0) _ >(pred)

n+l n+l ’
k
(1) _ 7 2<1) (0) "(0)
Yo+l T ZZI 3 Ynei-g * P hF( el Ine12" Vne)s
k

2(2) 2(1) 2(2) 2(1) "(1)
Yn+1 27 t v n+l-g * P hF( VAT AVE A TR AR

4.3)

k
>(m) _ > (m- ) >(m-1) +(m)
Tn+1 _zzl £]+1£+bhF( n+tl *°° n+l n+1)
-> _ —>(m)
Yn+1 =~ Yn+l1”

\s for scheme (3.3), we have an order of accuracy p = min(k,m+q) when the

roefficients aK and b0 are 1dentified with those in table 2.1. Further-

1ore, it is a computationally efficient scheme provided that all Jacobian
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matrices of_§(§,;,....) have the appropriate band structure. Denoting these
natrices by Jj, j=1,2,...,m, the matrices A, and Bj as defined by (2.15),
; J
(2.19) assume the form (note that (2.17) is satisfied)
1

3 byhlT - bOhJj] [J1+J2+...+Jj_1+Jj+1+...+Jm]

>
I

-1

[o~]
I

) (I - b.hJ.]
] 0]

so that the eigenvalues aj and Bj are given by

+z, +... .otz o Fa..
I e M T e e
aj = T
J
> J = 1,2,...,m,
1
B. =
l-z.
J J
vhere zj represent the eigenvalues of the matrix bOhJj. Unfortunately,
m
the product T aj is not bounded in the planes zj =0, j=1,...,m, so
that no unconditional stability can be expected. For instance, for m = 3,
¢ =3 and y(o) (1 e. q = 0) we find the characteristic equation
C3 _ —1.18 1+u z +z z3+z z )+1](zl+22)(z]+z3)(zz+23) 2 .

11
(l_zl>(1_22)(1_23)

(4.4)

. _l_ l+°lz +z z3+zzz3

11 (1- z])(l 2)(1 23)

[9z - 2] = 0.

n the (zl,zz)—plane this equation has the stability region defined by the

lnequalities
—ll(z]+zz) + 2122[40+11(zl+z2)] + 40 > 0,
4.5) [—260(zl+z2) + 28821z2 - 227 z zz(z]+zz) + 63] +

1

2 2 2
+ [(121 - llzlzz)(zl+z2) + (]71+33(z]+zz))z]zzj > 0.




This region is app tely given by figure 4.1.

-5.2 -3.7 =2.5 -1.5
h ////r //// /V

1
!
)
!
1

unstable

.1 Stability in the (z],zz) plane
of formula (4.1) withm = 3

4.2. The method of lizing corrections
In [3] a gen ation of Douglas' method of stabiliz
is given which is itionally stable provided that the e
all component Jaco are negative. This method reads as f
>(1) >(1) >
§+1 = zh[F(y +1°9n ,...,y ) +
> > ->
F(y se--5y )1,
-> ) > —>)
(4.6) yd) - FAIEG sy 5y 0LT ey )
> > -
F(yn,...,yn)],
-* —
yn+1 B

where F(;,..-,§) §(§). It can be proved that (4.6) is

(0]

order.
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This scheme suggests to define the multi-argument splitting

E@uhﬁm)=ﬁﬁ®uxﬁm““3m5+%@w%“

s

I (+(2) > (1) +(0)) (+(1) +(0)) +

(4.7)
+ Uz[f(;(O)’;(Z):;(O)3"°9§(0) ) - F(+(O)

& (+(J) 7G-D 300y ﬁj_](§(j_]),...,§(o)) +

+ U [F(y(0)3°°'s;(O)’§(j):;(0)"-'9;(0))

73(9,... 30y,

ji=3,...,m,
to obtain a method which may be considered as a multistep formula
stabilizing corrections:

+(0) _ >(pred)

n+l n+1 >
>(1) _ E > . hE > >(1) »>(0) +(0)) .\
)71'1+1 - 221 aﬂ Yn_H_ ul ( n+]9yn+l,... n+l
(4.8) + 730,30,
78 - 5GE-D 2(0)  2(0) 2(3) 2(0) (0
n+1 = ntl + U h[F(yn+l,‘.., n+1,yn+]s o122 Y0+
%.2(0) +(0)
- FG NSTRPRS ANPR R
e >(m)

Yn+1 = In+1

Firstly, the stability of this scheme will be analyzed. From (4.7)

immediate that

(4.9) J [J, + 2(J2+...+Jm)], J]] = ulJ1




(4.9) J

It is easily verified that (2.17') is satisfied and th

= 2
D10 “1h[‘]1 + “(J2+"‘+Jm)]’

(4.10)
D

30 —uthj, j=2,...,m.

The matrices Bj and Ej determining the matrices Q and

tion (2.16), are given by

1

By = [T - uthj]" , = 1,2,...,m,
-1
(4.11) E, = u]h[I - uth]] [J1 + 2(J2+...+Jm)]
-1
E. == yu.h[I - py.hJ.] J., j = 2,3,...,m.
A Hj i ji* ’
In the case uj =u, j=1,2,...,m, the eigenvalues are
6. = 1 A
j - 1-2z. ° J 3Ly eI
J
z +2(z +...+z )
_ 1 2 m
(4.12) €, = ]_zl s
—Zj
EJ = ]__zj s J = 2,3,...,m,

where zj denotes an eigenvalue of the matrix p h J..

The characteristic equations are given by (cf.(2

m
k n izl %1 i) k-1
(4.13) T - — 4 -

m
m

2

| ~—1%

L
T
m

W
N

-17733

he err

by




24

where

(4.14) My=1, M. = 1T (1-2.), i=1,2,...,n.
i . ]
=1
Before deriving stability regions from these characteristic equations
ve have to consider the accuracy of scheme (4.8). Evidently, the corollaries
2.1 and 2.2 do not apply so that a renewed investigation of the order of

onsistency is required. The following theorem can be stated:

[HEOREM 4.1. Let a, and b, be defined as in table 2.1, let Wy = by/2 and let

1 be the order of the predtctor formula. "Then scheme (4.8) is at least of
rder p = min{k,q+1}.

’ROOF Let y(x) be the solution of the differential equation through
,y ) and y +1 the solution of equation (2.6). Firstly, we apply corol-
ary 2.2 to the integration formula ?éi% in scheme (4.8). This results in

‘he estimate

. min{k+1,q+2}
4.16) T S ) = o ).

n+1 n+l

econdly, (4.8) yields for ;éii -5 the relation

>(3) _Z _2G-1n _2 1 (ﬁ >(0)
Yn+1 7 Yn+1 T Yn n+1 * 2Bghd; oy Ine1) *oee
- 2G-1) _2 1 >(3) _ + q+2
= yl’l+1 yn+1 + 3b hJ ( n+] n+]) O(h + ...
ence, as h >~ 0
16D -1 (3—1) _3 q+2
n+1 yn+] = (I ZbOhJj) [y yn+] + O(h ) + ... ],
o that, by iterating this relation,
> '_‘> — — _ 2 z _ -> _
Y+l Y(Xn+1) = [Yn+1 Yoe1d * [yn+] yx 01 =
_ra() _ 2 .2 _ > q+2
= pey = Y 10D + 03 y(xn+1)] + 0(h" %)
_ —->(l) . - N q+2
= Dypel — v +yG ) -F,,,3001) + 0(h7"7)




Finally, by (4.16)

q+2

>

> _ k+1
Ype1 ~ V(x4 ) = 0k ) + 0(h™ )

which proves the theorem.

From this theorem it follows that scheme (4.2) is thix

when the second order formula (4.1) is used as predictor for

4.3. Third order formulas.

As shown above the class of three-step formulas

+(0) = »(pred)
n+l yn+l ?

>(1) _ 1 > _ o>
n+l 11 [18yn 9yn—l * “Krn—Z:I *
6 .2 >(1) >(0) >(0) 2> 2>(0)
(4.17) + ﬂ' h[F( n+1 :yn+1:°":yn+]) + F(yn+1’
22 a1, 6 (0 5(2) 3(0)  5(0))

Yn+2 = Yn+l T T n+1° n+1°7n+12°° Y41

2 .>(0) >(0)
E(yn+l""’yn+1)]’

_ >(m)

9 =
Yn+1 yn+1

>(pred)
yn+1
characteristic equation of (4.17) is of the form (cf.(4.3))

is third order accurate provided that is of second ¢

m
, 18+11y izl z; (z-._)) , . ,
(4.18) - T R ST S 1
m m m

Assuming that zj < 0 and applying Hurwitz' criterion yields
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w qeccurate

034

+1

The

mditions




nm—yzm—1>o,

29
nm * Yzm +'_T > 0,

3
3nm * Yzm +'TT > 0,

2 32
I - on Zyzm +37> 0,

we have written

).

I o~—8

) Lo =

z.(2 - TI.
. i i-
i

1 1
gure 4.2 the stability region is shown in the (ﬂm, Y Zm)—plane. From
Eigure it may be concluded that a sufficient condition for stability

7en by (note that zj < 0 implies ﬂm > 1)

2 2 1

i ] 1 M

unstable

/ 4’,
stable

1
|
1
|

_/

unstable

Fig. 4.2 Stability region of scheme (4.17) in the
(ﬂm,yzm)—plane
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-1 <y <1

IZmI < ﬂm -1

We will investigate this condition for m = 3. From (4.14) and (4.20)

lows that
ﬂ3 =1 = z; - z2 - 23 + z]z2 + le3 + 2223 - 212223
Iy =2y * 2y * 23 % 22) + 225 + 2925 — 22,2,

now easily verified that (4.21) is satisfied since z5 < 0,

2,3. Thus, scheme (4.17) with m = 3 is unconditionally stable when
edictor formula is stable and when the Jacobian matrices Jj have a
ve eigenvalue spectrum. (Note that this result also holds for m = 2

can be proved by simply putting zy = 0.)
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